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MISCELLANEA

PROPAGATION OF RAYLEIGH WAVES IN TRANSVERSELY
ISOTROPIC GENERALIZED THERMOELASTIC DIFFUSION

Rajneesh Kumar and Tarun Kansal UDC 536.21

This paper is devoted to the study of propagation of Rayleigh waves in a homogeneous, transversely isotropic,
thermoelastic diffusive half-space that is subjected to stress-free, thermally insulated/isothermal, and chemical
potential boundary conditions in the context of the generalized theory of thermoelastic diffusion. The Lord and
Shulman theory, where thermal and thermomechanical relaxation as well as diffusion relaxation are gov-
erned by two different time constants, is selected. Secular equations for surface wave propagation in the con-
sidered media are derived. The amplitudes of surface displacements, temperature change, and concentration
are computed. The paths of the surface particles are determined. Transverse isotropy and diffusion effects on
the phase velocity, group velocity, and attenuation coefficient are presented graphically.

Keywords: Wave propagation; transversely isotropic solid; generalized thermoelastic diffusion; phase velocity;
group velocity; attenuation coefficient

Introduction. During the last three decades, nonclassical theories of thermoelasticity, so-called "generalized
thermoelasticity," have been developed in order to remove the paradox of the physically impossible phenomenon of in-
finite velocity of propagation of thermal signals in the conventional coupled thermoelasticity. The Lord—Shulman the-
ory [1] and Green-Lindsay theory [2] are important generalized theories of thermoelasticity that become a center of
interest of recent researches in this area. In the Lord—Shulman theory, the flux rate term with one relaxation time is
incorporated into the Fourier law of heat conduction and a generalized theory admitting finite speed for thermal signals
is formulated. The Green—Lindsay theory [2], called the theory of temperature rate-dependent thermoelasticity with two
constants that act as two relaxation times, does not violate the classical Fourier law of heat conduction when the
body under consideration has a center of symmetry. The Lord and Shulman theory [1] of generalized thermoelasticity
was further extended to homogeneous anisotropic heat conducting materials by Dhaliwal and Sherief [3]. All these
theories predict a finite speed of heat propagation. Chanderashekhariah [4] refers to this wave-like thermal disturbance
as "second sound." A survey article of various representative theories in the range of generalized thermoelasticity was
suggested by Hetnarski and Ignaczak [5].

Spontaneous movement of particles from the high concentration region to the low concentration one is defined
as diffusion, and it occurs due to a concentration gradient. An example of diffusion is heat or momentum transport.
The net flux of a transported quantity (atoms, energy, or electrons) is equal to a physical property (diffusivity, thermal
conductivity, or electrical conductivity) multiplied by a corresponding gradient (of concentration, thermal, or electrical
field). Nowadays, there is a great deal of interest in the study of this phenomenon due to its applications in the geo-
physics and electronic industry. Technologies based on diffusive waves have improved biomedical diagnostics and fab-
rication of optical and electronic devices. In integrated circuit fabrication, diffusion is used to introduce "dopants" in
controlled amounts into the semiconductor substance. In particular, diffusion is used to form the base and emitter in
bipolar transistors, integrated resistors, as well as the source/drain regions and dope polysilicon gates in metal-oxide—
semiconductor transistors. Thermodiffusion utilizes the heat transfer across a thin liquid or gas to accomplish isotope
separation. Today, thermodiffusion remains a practical process to separate isotopes of noble gases (e.g., xenon) and
other light isotopes (e.g., carbon) for research purposes. In most of the applications, the concentration is calculated
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using Fick’s law. This is a simple law that does not take into consideration the mutual interaction between the intro-
duced substance and the medium into which it is introduced or the temperature effect on this interaction. However,
there is a certain degree of coupling with temperature and temperature gradient as temperature accelerates the diffusion
process. The thermodiffusion in elastic solids is due to coupling of the fields of temperature, mass diffusion, and strain
in addition to the heat and mass exchange with the environment.

Nowacki [6-9] developed the theory of thermoelastic diffusion by using a coupled thermoelastic model. Dudz-
iak and Kowalski [10] and Olesiak and Pyryev [11], respectively, discussed the theory of thermodiffusion and coupled
quasi-stationary problems of thermal diffusion for an elastic layer. They studied the influence of cross effects arising
from the coupling of the fields of temperature, mass diffusion, and strain due to which the thermal excitation results
in additional mass concentration and generates additional temperature fields.

Sherief et al. [12] developed the generalized theory of thermoelastic diffusion with one relaxation time, which
allows the finite speed of propagation of waves. Sherief and Saleh [13] investigated the problem of a thermoelastic
half-space in the context of the theory of generalized thermoelastic diffusion with one relaxation time. Singh [14, 15]
discussed the phenomenon of wave reflection from the free surface of an elastic solid with generalized thermodiffu-
sion. Aouadi [16-20] investigated different types of thermoelastic diffusion problems. Sharma [21, 22] discussed the
plane harmonic generalized thermoelastic diffusive waves and elasto-thermodiffusive surface waves in heat-conducting
solids.

In spite of these studies, no attempt has been made to study the effect of diffusion on wave propagation in
transversely isotropic and isotropic generalized thermoelastic diffusive half-spaces. Keeping in view the above applica-
tions of thermodiffusion processes, in what follows the propagation of Rayleigh waves in a homogeneous, transversely
isotropic, generalized thermoelastic diffusive half-space will be investigated. The phase velocity, group velocity, and at-
tenuation coefficient of wave propagation will be obtained from the secular equations.

Basic Equations. The basic governing equations for a homogeneous anisotropic, generalized thermoelastic dif-
fusive solid in the absence of body forces, heat sources, and diffusive mass sources are given by

Oyj = CijkamChm + 4T+ b;C (D
q;+T0q; =~ KijTJ , (2
ni+rOﬁi=—oc;;-PJ, 3)
pSTy=pCgT +aTyC - age; Ty 4)
P =byep,+bC—al . ®)
The equation of motion, entropy equation, and the equation of conservation of mass are, respectively,
Ojj;+ PF; = pii; 6)
9;;+ PToS — pM + Pn;;=0, (7
M= C+pN. ®)

Here, a;;=aji, Cijin= Cimij = Cjikm= Cijmk> bij = bji» €;j = €ji, Kij=Kj;, Oc;-;- = Oc;i, 0;;=0j; and the comma in the subscripts
denotes differentiation with respect to a spatial coordinate.
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Substituting Eqgs. (1)-(5) into Eqgs. (6)—(8) without body, heat, and diffusive mass forces, we obtain the fol-
lowing equations of motion, heat conduction, and mass diffusion:

Cl-jkmeka + aleJ + bl]CJ = pul B (9)
R oc,jbC’lj +oyal i=— (C+10). (11)

Applying the transformation
(12)

x’1=x1 cos  +x, sin ¢, x’2=—x1 sin ¢ +x, cos ¢, x’3=x3,

where ¢ is the angle of rotation in the xjx, plane, from Eqs. (9)-(11) we obtain the following basic equations for a
homogeneous, transversely isotropic, coupled thermodifffusive elastic solid:

Clily 1+ Catp oy +C 13Uz 31+ Cop (U 2p + g 12) + Cag Uy 33+ Uz 13) —ayT | =D C =puy, (13)
Cop (g o1 +Up 1)+ Cpolty 1o+ Crilp op + Cagiiy 33+ (c 3+ Cqn) Uz 30— To = b Cr=puy, (14)
(cr3+caq) (uy 13+ upp3) + Cay (U3 g1 + 13 99) + C33u3 33 —azl 3= b3C3=puz, (15)

pCr (T+ r(ﬁ) +aT (C+ 106') +[a, (L.tl’l + i¢272 + T (iiL1 + i22,2))

+as (3 3+ T )1 To =Ky (T 11+ Tpp) + K37 33, (16)

* *
oy [by (uy g1y +upom +upopy +uy 10) + 63 (3311 + 3 300)1 + 03 [Dy (g 133+ Uy 933) + b33 333]

— )b (Cyy+ Cap) = 05bC 33+ 0ya (T 1 + T ) + 30T 33 =— (C+10) an
where
ay=—ad;. by=—bd;. oa;=0;8;. K;=K3;.
ap=(cyy+eyp) Oy +y303, a3 =201304 + 3303,
by=(cyy+epp) O+ 13050, by =2e1300+ 3305,
Cee=(c11—C12)/2. (18)

Here o; and 0. are the coefficients of linear thermal expansion and diffusion expansion, respectively. In Eqgs. (13)—
(17) we used for brevity the figures 1, 2, 3, 4, 5, and 6 instead of the indices 11, 22, 33, 23, 13, and 12, respec-
tively, to relate cjjy to cp (0, kkm=1,2,3and I,n=1,2,3,4,5,6).

Formulation of the Problem. We consider a homogeneous, transversely isotropic, generalized thermodif-
fusive elastic half-space that is kept initially at a uniform temperature 7. The origin of the coordinate system
(x1, X5, x3) is taken at any point on the plane horizontal surface. We take the x; axis along the axis of material
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symmetry with the vertical direction downward into the half-space (which is thus represented by x3 =0). The sur-
face x5 = 0 is subjected to traction-free, thermally insulated or isothermal, and chemical potential boundary condi-
tions. We chose the x; axis in the direction of wave propagation, so that all particles on a line parallel to the x,
axis are equally displaced. Therefore, all the field quantities will be independent of the coordinate x,. Then, for a
two-dimensional problem

u (.xl, X3, t) = (ul, 0, u3) . T= T(.xl, X3, t) . C: C (.xl, X3, t) (19)

are the displacement vector, temperature change, and concentration.
We define the dimensionless quantities

* *

®X; OU; a, T b P
1 * 1 1 1
Xi=——, t'=ot, u=—o", T'=—2, C'=—2, p'=—,
Vi Vi pv| pV| b,
vih o c pC v2
# o %0 1 i 2 1 * EV1
=Ty, T =0T , h'=—, Oy=—2" vi=—, @ = (20)
0 10 1 % ij 1 1
o, aiTy P K

Here ) is the characteristic frequency of the medium and v, is the longitudinal wave velocity. Introducing these
quantities into Egs. (13)—(17), omitting the primes, using Eq. (19), and assuming the solutions in the form

(uy, uz T, C)= (1, W, S, R) exp [i€ (x| +mxz —cn)], (21)
we obtain the following polynomial characteristic equation:

m8 + A*m6 + B*m4 + C*m2 +D =0. (22)

The coefficients A*, B*, C*, and D" are given in the Appendix. The characteristic equation (22) is biquadratic in m?
and hence possesses four roots mlz,, p=1,2,3,4, We are interested in surface waves only, consequently it is essential
that the motion is confined to the free surface x° = 0 of the half-space, so that the characteristic roots mlz, must satisfy
the radiation condition Re(m,) 2 0. Then the formal expressions for the displacements, temperature change, and concen-
tration can be written as

4
(uu3, T, O) =Y (1, M1 Moy M3,) Ay Xp [ (xy + iy = )], (23)
p=1

where A, are arbitrary constants. The coupling constants nj,, ny, and n3,, are given in the Appendix.
Boundary Conditions. The nondimensional boundary conditions at the surface x; are given by mechanical
conditions (stress-free surface)

033= (8, =8 uy | +4u33— (§,T+&,0)=0,
O3 =8 (U3 +u;3)=0; 24)
thermal conditions
T,+hT=0, 25)

where £ is the surface heat transfer coefficient (h — 0 corresponds to thermally insulated boundaries and & — oo refers
to isothermal surfaces);
chemical potential condition
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P=M1’l +p2u3,3—n2C+n1T=O, (26)
where
acyy beyy

n1=—

o= 2Cn
.
ab

by

Expressions for &; and €; are presented in the Appendix.
Derivation of the Secular Equations. Substituting the expressions for u;, u3, T, and C from Eq. (23) into the
boundary conditions (24)—(26), we obtain the secular equation

Py Dy = PyoDy+ Py3Dsy = PyDy =0, @7
where
Dy =Py (Pp3P3y = P33Poy) = Py3 (PypP3y = P3oPyy) + Py (PpaP33 = P3yPo3)
Dy =Py (Pp3P3y = P33Poy) = Py3 (Py Py — P31 Pyy) + Py (Py P33 = Py Po3)
D3 =Py (PyaP3y— P3yPoy) = Pyy (PyP3y = P31 Pyy) + Py (Py Py = P3 Poy)

Dy =Py (PyyP33— P3yPy3) = Py (Py1 P33 — P31 Po3) + P13 (Py P3y — P31 Pyy)

g g

in2n3p ~ inlnzp

g g

P3p=l+l82mpn1p+ N P4p=(lmp+h)n2p, p=1,2,3,4.

For thermally insulated and isothermal thermoelastic diffusion half-spaces, the secular equation (27) becomes

mnyy Dy —mynyyDy + manysDy — mgnpuDy =0, (28)

Equations (28) and (29) are Rayleigh surface wave secular equations for stress-free, chemical potential, thermally insu-
lated and isothermal boundaries of transversely isotropic thermoelastic diffusive half-space, respectively.
If we write

Ty yio 'R, (30)

then & =E+iF, where E=—, v and F are real quantities. The roots of characteristic equation (22) are, in general,
complex, i.e., m,=p,+iq,, so that the exponent in the plane wave solutions (23) becomes

. I F R
iE (x; —mpx3—vt)—E[Exl +mpx3], 31)
where
R F 1 F
mp:pp—qu, mp:qp+ppE. (32)
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This shows that v is the propagation velocity and F is the attenuation coefficient of the wave. Upon using repre-
sentation (30) in secular equations (28) and (29), one can obtain the values of v and F. The group velocity can be

dm
calculated as U= JE

Surface Displacements, Temperature Change, and Concentration. The surface displacements, temperature
change, and concentration at the surface x; =0 in the case of stress-free, chemical potential, thermally insulated or iso-
thermal boundaries of the half-space are

(1o 3 Ty C) = (G, H T, J) Aexp (E (x; — )] , (33)

where
* *

LS sk
I = (”ZlDl — n22D2 + l’l23D3 — n24D4)/D1 5 J = (n31D1 — i’l32D2 + l’l33D3 — n34D4)/D1 . (34)

Paths of Surface Particles. We now discuss the motion of the surface x; = O particles of the modified
Rayleigh waves. It is observed that when thermodiffusive mechanical coupling is operative, the amplitude and velocity
of the waves are no longer real, as can be seen from Eq. (33). This means that the wave is damped and the phase
difference exists between the functions u; and u;. Therefore on the surface x; = 0 we have

ug=XAexp{-i(a—¢q}, uz;=YAexp{-i(B-q}, (35)

where G* =X exp (—i), H'=Y exp (iB), ¢ = E(x; — v). Using the Euler representation of complex numbers and simpli-
fying, we obtain from Eq. (35) (retaining only real parts)

U =XAcos (—q), uzg=YAcos (B—q). (36)

Eliminating g from Eq. (36), we get

2
Upg Usg UygUzg

cos (ou—PB) = A% sin” (a—PB). (37)

Since

cos” (@—B) 1 =_sin2(oc—B)<O,
Y X XY

Eq. (37) represents an ellipse with semimajor axis X , semiminor axis Y, and eccentricity e which are given by

ey 24°X°Y sin” (0.~ B) (38)
X+v - [(Xz— Y2)2+4X2Yzcos2 (o0 — [3)]1/2 ’

S 2427 sin” (0.— B) (39)
X2+ Y+ [(Xz— Y2)2+4X2Yzcos2 (00— B)]l/2 ,

2 2 [(X2 - Y2)2 +4X°Y cos’ (o — [3)]1/2 (40)

TR PP P 4 ot (- )
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Fig. 1. Variation of the group velocity (curves with asterisks) and the phase
velocity versus the wave number for the TID (1) and ID (2) cases.

Fig. 2. Variation of the group velocity (curves with asterisks) and the phase
velocity versus the wave number for the TID (1) and TI (2) cases.

If 8" is the inclination of the major axis to the wave normal,

tan (25 )= 4[“1/;;5 ()(;2_ (41

Thus, it follows that the surface particles travel elliptical paths given by Eq. (37) in the vertical planes parallel to the
direction of wave propagation. The values of the semiaxes depend upon A =A; exp(—Fx;) and hence increase or de-

crease exponentially. It is clear that the decay of elliptical paths of surface particles depends on the attenuation coef-
ficient F. For a— 3 =g, both X and Y have the same signs and therefore the surface particles cover elliptical paths.

Moreover, the particle paths degenerate into straight lines, when o =f3, that is, when there is no phase difference be-
tween the functions ug and us.

From the above equations (28) and (29), we obtained the equations for special cases, which are not given
here. For example, in the absence of diffusion or thermal effects, we obtained frequency equations that correspond
closely with the relevant equations presented in [23, 24].

Numerical Results and Discussion. For numerical computations, we take the following Values of the relevant
parameters for transversely 1s0tr0prc generalized thermoelastrc d1ffus1ve solid: ¢y = 16 78- 10 kgm l-secz, Clp =
8.76-10'" kg-m~ -se 2 e = 10 ! kgmsec?, 3= 165 10" kgm sec?, ¢y = 5.06: 10" kgm : TO_ 0.293. 10
KCE—0503110 Jkg Lx! 0(1—19810 K! 3—210 K,(xlc—2110 mkg —210 mkg
a = 210" m*sec K b = 10° kgm sec 10—003 sec, 70 —001 sec, Oc1 = 105 1078 kg:m~ 3sec (x3 = 10" kgm_
3~sec, p = 8.954-10° kgm K, = 0.4-10° W-m LK , K3 = 0.39 10° W-m™ K

Following Sherief and Saleh [13], for comparison with the isotropic generahzed thermoelastic drffuswe sohd
we take the values of relevant parameters for the copper materral as TO = 0293 10° K, CE = O 3831-10° J- kg Lx!
p = 8.954-10° kgm™, T,=0.03 sec, T =0.01 sec, a = 1210 m sec 2K b= 910 kg'm’-sec 2, A = 7.76:10
kgm lsec, 1 = 3.86- 10% kg'm™ Lsec?, K = 0386103 W-m K™, o = 1.78-10°5 K\, o, = 2510 m’kg\, D =
0.85-107° kg:m “sec.

All the obtained characteristics are presented in the figures as functions of the wave number E. The variations
of the phase and group velocities for transversely isotropic thermoelastic diffusion (TID), isotropic thermoelastic diffu-
sion (ID), and the corresponding cases without diffusion (TI and I) are plotted in Figs. 1-3.

From Fig. 1 it is seen that for TID the phase velocity first increases slightly and then becomes dispersionless,
whereas the group velocity first rises sharply and later begins to decrease slowly. As to the ID case, the phase velocity
remains constant and the group velocity first increases sharply, but then becomes constant. The values of the group

10
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Fig. 4. Variation of the attenuation coefficient versus the wave number for the
TID (1), ID (2), TI (3), and I (4) cases. The values for ID are multiplied by
10 and those for TI and I are divided by 100.
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Fig. 5. Variation of the horizontal surface displacement versus the wave num-
ber for the TID (1), ID (2), TI (3), and I (4) cases.

Fig. 6. Variation of the vertical surface displacement versus the wave number
for the TID (1), ID (2), TI (3), and I (4) cases.

velocity are higher than those of the phase velocity in the both mentioned cases (except the range of low values of
E). The values of the phase velocity for ID are higher than for TID, whereas initially the group velocity corresponding
to ID is higher than that for TID, but further the reverse interrelation takes place. Figure 2 shows that initially the
phase velocity for the TI case fluctuates, but then it decreases, whereas the group velocity decreases slowly and then
remains constant. Both velocities for TI are lower than those for TID. Similarly, it is seen from Fig. 3 that both ve-
locities for I are lower as compared to those for ID.

The behavior of the attenuation coefficient is shown in Fig. 4. The attenuation coefficient in the TID and ID
cases increases slowly. As the wave number increases, there is a larger increase in the values of the attenuation coef-
ficient corresponding to TID as compared to the one for ID. For TI, the attenuation coefficient initially increases
sharply, then slumps, and finally becomes constant, whereas for I the coefficient rises steeply.

Figure 5 shows variations of the horizontal surface displacement. This displacement remains nearly constant in
the TID and ID cases. The displacement for TI increases and then remains constant, whereas for I it decreases con-
tinuously. It is seen that the values in the case of TID are higher as compared to the TI case, and the reverse inter-
relation is noted in the ID and I cases. Variations of the vertical surface displacement are presented in Fig. 6. The
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Fig. 7. Variation of the surface temperature change versus the wave number
for the TID (1), ID (2), TI (3), and I (4) cases.

Fig. 8. Variation of the surface concentration versus the wave number for the
TID (1) and ID (2) cases.

values of this displacement for TID are constant. In the ID case they oscillate and slightly exceed those for TID. The
displacement in the TI and I cases increases and then becomes constant. Here, the ID values are higher in comparison
with the I ones.

Figure 7 presents graphs of the surface temperature change. In the case of TID the values of the temperature
change increase linearly, and in the ID case they decrease and then become constant. For TI, the temperature change
initially fluctuates and then also becomes constant, whereas for the I case it increases sharply. The values correspond-
ing to TID are higher as compared to the TI case. The reverse interrelation is noted in the ID and I cases. The vari-
ations of the surface concentration are shown in Fig. 8. It is seen that the results for ID are higher in comparison with
those for TID.

Conclusions. The propagation of Rayleigh waves in a homogeneous, transversely isotropic, thermoelastic dif-
fusive half-space subjected to stress-free, thermally insulated/isothermal, and chemical potential boundary conditions has
been studied. Secular equations for surface wave propagation have been derived. Appreciable transverse isotropy and
diffusion effects on the phase and group velocities, attenuation coefficient, surface displacements, temperature change,
and concentration have been observed. The results for all the cases considered have been compared. It has been shown
that the group velocity remains higher as compared to the phase velocity in the TID and ID cases; both velocities cor-
responding to TI are lower than those for TID; both velocities for the I case remain lower than the ones for ID.

One of the authors, Mr. Tarun Kansal, is thankful to the Council of Scientific and Industrial Research (CSIR)
for the financial support.

NOTATION

a, coefficient describing the measure of thermoelastic diffusion effects; a;, components of the tensor of ther-
mal modules; b, coefficient describing the measure of diffusion effects; blj, components of the tensor of diffusion mod-
ules; ¢, dimensionless phase velocity; C, concentration; Cg, specific heat at constant strain; Cijkam> elastic parameters; e
components of the strain tensor; E, wave number; F, attenuation coefficient; F;, external force per unit mass; h, sur-
face heat transfer coefficient; Kl-j, components of thermal conductivity; M, strength of heat per unit mass; N, strength
of mass diffusion source per unit mass; P, chemical potential per unit mass; q, heat flux; S, entropy per unit mass; 7,
temperature; T, reference temperature; u;, component of displacement vector; U, group velocity; v, phase velocity; vy,
longitudinal wave velocity; x;, coordinate; o, coefficient of linear thermal expansion; o, coefficient of diffusion ex-
pansion; (x;-, diffusion parameters; T, f(;low of diffusion mass; ?';, complex wave number; p, density at constant strain;
Gjj» compone*nts of the stress tensor; T°, diffusion relaxation time; T, thermal relaxation time; ¢, angle of rotation; @,
frequency; ®;, characteristic frequency of the medium. Subscripts and superscripts: I, imaginary; R, real; s, surface.
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